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THE RADIUS OF STARLIKENESS OF NORMALIZED BESSEL
FUNCTIONS OF THE FIRST KIND
A´RPA´D BARICZ, PA´L AUREL KUPA´N, AND RO´BERT SZA´SZ
Abstract. In this note our aim is to determine the radius of starlikeness
of the normalized Bessel functions of the first kind for three different kinds of
normalization. The key tool in the proof of our main result is the Mittag-Leffler
expansion for Bessel functions of the first kind and the fact that, according to
Ismail and Muldoon [IM2], the smallest positive zeros of some Dini functions
are less than the first positive zero of the Bessel function of the first kind.
1. Introduction
Let D(z0, r) = {z ∈ C : |z − z0| < r} be the open disk with center z0 ∈ C
and radius r > 0 and let us denote the particular disk D(0, 1) by D. Moreover,
let A be the class of analytic functions defined in the unit disk D, which can be
normalized as f(z) = z + a2z
2 + . . . , that is, f(0) = f ′(0) − 1 = 0. The class of
starlike functions, denoted by S∗, is the subclass of A which consists of functions
f for which the domain f(D) is starlike with respect to 0. An analytic description
of S∗ is
S∗ =
{
f ∈ A
∣∣∣∣Re
[
zf ′(z)
f(z)
]
> 0 for all z ∈ D
}
.
Moreover, consider the class of starlike functions of order β ∈ [0, 1), that is,
S∗(β) =
{
f ∈ A
∣∣∣∣Re
[
zf ′(z)
f(z)
]
> β for all z ∈ D
}
.
The real numbers
r∗(f) = sup
{
r > 0
∣∣∣∣Re
[
zf ′(z)
f(z)
]
> 0 for all z ∈ D(0, r)
}
and
r∗β(f) = sup
{
r > 0
∣∣∣∣Re
[
zf ′(z)
f(z)
]
> β for all z ∈ D(0, r)
}
,
are called the radius of starlikeness and the radius of starlikeness of order β of the
function f, respectively. We note that in fact r∗(f) is the largest radius such that
f (D(0, r∗(f))) is a starlike domain with respect to 0.
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Now, consider the Bessel function of the first kind [Wa], which is a particular
solution of the second-order linear homogeneous Bessel differential equation. This
function has the infinite series representation
Jν(z) =
∑
n≥0
(−1)n
n!Γ(n+ ν + 1)
(z
2
)2n+ν
,
where z ∈ C and ν ∈ C such that ν 6= −1,−2, . . .. Observe that the Bessel function
Jν does not belong to class A. Thus, it is natural to consider the following three
kind of normalization of the Bessel function of the first kind
(1.1) fν(z) = [2
νΓ(ν + 1)Jν(z)]
1/ν
, ν 6= 0,
(1.2) gν(z) = 2
νΓ(ν + 1)z1−νJν(z)
and
(1.3) hν(z) = 2
νΓ(ν + 1)z1−ν/2Jν(
√
z).
Clearly the functions fν , gν and hν belong to the class A. We note here that in fact
fν(z) = exp
[
1
ν
Log (2νΓ(ν + 1)Jν(z))
]
,
where Log represents the principal branch of the logarithm function and every
many-valued function considered in this paper are taken with the principal branch.
Now, let us recall some results on the geometric behavior of the functions fν ,
gν and hν . Brown [Br1] determined the radius of starlikeness for fν in the case
when ν > 0. Namely, in [Br1, Theorem 2] it was shown that the radius r∗ (fν) is
the smallest positive zero of the function z 7→ J ′ν(z). Moreover, in [Br1, Theorem
3] Brown proved that if ν > 0, then the radius of starlikeness of the function gν
is the smallest positive zero of the function z 7→ zJ ′ν(z) + (1 − ν)Jν(z). Kreyszig
and Todd [KT, Theorem 3] proved that when ν > −1 the function gν is univalent
in the circle |z| ≤ ρν but not in any concentric circle with larger radius, where ρν
is the first maximum of the function gν on the positive real axis. Brown [Br1,
p. 282] pointed out that when ν > 0 the radius of starlikeness of the function
gν , that is, r
∗ (gν) is exactly the radius of univalence ρν obtained by Kreyszig and
Todd [KT]. Furthermore, Brown [Br2, Theorem 5.1] showed that the radius of
starlikeness of the function gν is also ρν when ν ∈ (−1/2, 0). On the other hand,
Hayden and Merkes [HM, Theorem C] deduced that when µ = Re ν > −1 the
radius of starlikeness of gν is not less than the smallest positive zero of g
′
µ. It is
worth to mention that Brown used the methods of Nehari [Ne] and Robertson [Ro],
and an important tool in the proofs was the fact that the Bessel function of the first
kind is a particular solution of the Bessel differential equation. For related (more
general) results the interested reader is referred to [Br3, MRS, Ro, Wi] and to
the references therein. Finally, let us mention that other geometric properties of
the functions gν and hν were obtained in [Ba1, Ba3, BP, Sz, SK]. See also the
references therein.
Motivated by the above results in this paper we make a contribution to the
subject and we determine the radius of starlikeness of order β for the functions fν ,
gν and hν . We note that our approach is much simpler than the methods used in
[Br1, Br2, HM, KT], and is based only on the Mittag-Leffler expansion for Bessel
functions of the first kind and on the fact that the smallest positive zeros of certain
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Dini functions are less than the first positive zero of the Bessel function of the first
kind, according to Ismail and Muldoon [IM1, IM2].
2. Starlikeness of order β of normalized Bessel functions
Our main result is the following theorem. Here Iν denotes the modified Bessel
function of the first kind, which in view of the relation Iν(z) = i
−νJν(iz) is also
called sometimes as the Bessel function of the first kind with imaginary argument.
Theorem 1. Let 1 > β ≥ 0. Then the following assertions are true:
a. If ν ∈ (−1, 0), then r∗β (fν) = xν,β , where xν,β denotes the unique positive
root of the equation zI ′ν(z)−βνIν(z) = 0. Moreover, if ν > 0, then we have
r∗β (fν) = xν,β,1, where xν,β,1 is the smallest positive root of the equation
zJ ′ν(z)− βνJν(z) = 0.
b. If ν > −1, then r∗β (gν) = yν,β,1, where yν,β,1 is the smallest positive root of
the equation zJ ′ν(z) + (1− β − ν)Jν(z) = 0.
c. If ν > −1, then r∗β (hν) = zν,β,1, where zν,β,1 is the smallest positive root of
the equation zJ ′ν(z) + (2− 2β − ν)Jν(z) = 0.
In particular, when β = 0, we get the following result.
Corollary 1. The following assertions are true:
a. If ν ∈ (−1, 0), then the radius of starlikeness of fν is xν,0, where xν,0 is the
unique positive root of the equation I ′ν(z) = 0. If ν > 0, then the radius of
starlikeness of the function fν is xν,0,1, which denotes the smallest positive
root of the equation J ′ν(z) = 0.
b. If ν > −1, then the radius of starlikeness of the function gν is yν,0,1, which
denotes the smallest positive root of the equation zJ ′ν(z)+ (1− ν)Jν(z) = 0.
c. If ν > −1, then the radius of starlikeness of the function hν is zν,0,1, which
denotes the smallest positive root of the equation zJ ′ν(z)+ (2− ν)Jν(z) = 0.
Observe that part a and b of Corollary 1 complement the results of [Br1, The-
orem 2], [Br1, Theorem 3] and [Br2, Theorem 5.1], mentioned above. Part c
complements the results from [Ba1, BP, Sz, SK]. It is of interest to note here
that very recently Sza´sz [Sz] proved that the normalized Bessel function hν is star-
like if and only if ν ≥ ν0, where ν0 = −0.5623 . . . is the root of the equation
h′ν(1) = 0, that is, J
′
ν(1)+ (2− ν)Jν(1) = 0. Finally, we mention that if we consider
the function z 7→ λν(z) = hν(z)/z, then part c of Theorem 1 and Corollary 1 can
be rewritten in terms of convex functions. The idea is to use the differentiation
formula
λ′ν(z) = −
1
4(ν + 1)
λν+1(z)
together with the well-known duality theorems of Alexander [Al] and Jack [Ja].
See also [Ba3, p. 25] for the results of Alexander and Jack, and also [Ba3, Ch. 2]
for similar results on convex Bessel functions.
Proof of Theorem 1. First we prove part a for ν > 0 and parts b and c for
ν > −1. We need to show that the inequalities
(2.1) Re
[
zf ′ν(z)
fν(z)
]
> β, Re
[
zg′ν(z)
gν(z)
]
> β and Re
[
zh′ν(z)
hν(z)
]
> β
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are valid for all ν > 0 and z ∈ D(0, xν,β,1), ν > −1 and z ∈ D(0, yν,β,1), and ν > −1
and z ∈ D(0, zν,β,1), respectively, and each of the above inequalities does not hold
in any larger disk.
Lommel’s well-known result states that if ν > −1, then the zeros of the Bessel
function Jν are all real. Thus, if jν,n denotes the n-th positive zero of the Bessel
function Jν , then the Bessel function admits the Weierstrassian decomposition of
the form [Wa, p. 498]
(2.2) Jν(z) =
zν
2νΓ(ν + 1)
∏
n≥1
(
1− z
2
j2ν,n
)
,
and this infinite product is uniformly convergent on each compact subset of C.
Logarithmic differentiation of (2.2) yields
(2.3)
zJ ′ν(z)
Jν(z)
= ν −
∑
n≥1
2z2
j2ν,n − z2
,
which in view of the recurrence relation [Wa, p. 45] zJ ′ν(z)− νJν(z) = −zJν+1(z)
is equivalent to the Mittag-Leffler expansion [Wa, p. 498]
Jν+1(z)
Jν(z)
=
∑
n≥1
2z
j2ν,n − z2
.
Consequently, in view of (1.1),(1.2), (1.3) and (2.3) we obtain
zf ′ν(z)
fν(z)
=
1
ν
zJ ′ν(z)
Jν(z)
= 1− 1
ν
∑
n≥1
2z2
j2ν,n − z2
,
zg′ν(z)
gν(z)
= 1− ν + zJ
′
ν(z)
Jν(z)
= 1−
∑
n≥1
2z2
j2ν,n − z2
and
zh′ν(z)
hν(z)
= 1− ν
2
+
1
2
√
zJ ′ν(
√
z)
Jν(
√
z)
= 1−
∑
n≥1
z
j2ν,n − z
.
It is known [Wa, p. 597] that in case α + ν > 0 and ν > −1 the so-called Dini
function z 7→ zJ ′ν(z) + αJν(z) has only real zeros and according to Ismail and
Muldoon [IM2, p. 11] we know that the smallest positive zero of the above function
is less than jν,1. This in turn implies that xν,β,1 < jν,1 for all ν > 0, yν,β,1 < jν,1
for all ν > −1, and zν,β,1 < jν,1 for all ν > −1. In other words, for all β < 1
and n ∈ {2, 3, . . .} we have D(0, xν,β,1) ⊂ D(0, jν,1) ⊂ D(0, jν,n) when ν > 0,
D(0, yν,β,1) ⊂ D(0, jν,1) ⊂ D(0, jν,n) when ν > −1, and D(0, yν,β,1) ⊂ D(0, jν,1) ⊂
D(0, jν,n) when ν > −1. On the other hand, it is known [Sz] that if z ∈ C and
α ∈ R such that α > |z|, then
(2.4)
|z|
α− |z| ≥ Re
(
z
α− z
)
.
By using (2.4), we obtain for all ν > −1, n ∈ {1, 2, . . .} and z ∈ D(0, jν,1) the
inequality
(2.5)
|z|2
j2ν,n − |z|2
≥ Re
(
z2
j2ν,n − z2
)
,
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which in turn implies that
Re
[
zf ′ν(z)
fν(z)
]
= 1− 1
ν
Re

∑
n≥1
2z2
j2ν,n − z2

 ≥ 1− 1
ν
∑
n≥1
2|z|2
j2ν,n − |z|2
=
|z|f ′ν(|z|)
fν(|z|) ,
Re
[
zg′ν(z)
gν(z)
]
= 1− Re

∑
n≥1
2z2
j2ν,n − z2

 ≥ 1−∑
n≥1
2|z|2
j2ν,n − |z|2
=
|z|g′ν(|z|)
gν(|z|)
and
Re
[
zh′ν(z)
hν(z)
]
= 1− Re

∑
n≥1
z
j2ν,n − z

 ≥ 1−∑
n≥1
|z|
j2ν,n − |z|
=
|z|h′ν(|z|)
hν(|z|) ,
with equality when z = |z| = r. The minimum principle for harmonic functions
and the previous inequalities imply that the corresponding inequalities in (2.1) are
valid if and only if we have |z| < xν,β,1, |z| < yν,β,1, and |z| < zν,β,1, respectively,
where xν,β,1, yν,β,1 and zν,β,1 are the smallest positive roots of the equations
rf ′ν(r)/fν(r) = β, rg
′
ν(r)/gν(r) = β
and
rh′ν(r)/hν(r) = β,
which are equivalent to
rJ ′ν(r) − βνJν(r) = 0, rJ ′ν(r) + (1− β − ν)Jν(r) = 0
and
rJ ′ν(r) + (2− 2β − ν)Jν(r) = 0,
respectively.
Now, we prove the statement of part a when ν ∈ (−1, 0). First observe that the
counterpart of (2.4), that is,
(2.6) Re
(
z
α− z
)
≥ −|z|
α+ |z|
is valid for all α ∈ R and z ∈ C such that α > |z|. Indeed, if we have z = x + iy
and m = |z| =
√
x2 + y2, then (2.6) is equivalent to α(α −m)(m + x) ≥ 0, which
is clearly true. By using (2.6), we obtain for all ν > −1, n ∈ {1, 2, . . .} and
z ∈ D(0, jν,1) the inequality
(2.7) Re
(
z2
j2ν,n − z2
)
≥ −|z|
2
j2ν,n + |z|2
,
which in turn implies that
Re
[
zf ′ν(z)
fν(z)
]
= 1− 1
ν
Re

∑
n≥1
2z2
j2ν,n − z2

 ≥ 1 + 1
ν
∑
n≥1
2|z|2
j2ν,n + |z|2
=
i|z|f ′ν(i|z|)
fν(i|z|) .
This time we have equality if z = i|z| = ir, and from the above inequality we
conclude that the first inequality in (2.1) holds if and only if |z| < xν,β , where xν,β
denotes the positive root of the equation irf ′ν(ir)/fν(ir) = β, which is equivalent
to rI ′ν (r)− βνIν (r) = 0. All we need to prove is that xν,β is unique and xν,β < jν,1
for all β ∈ [0, 1) and ν ∈ (−1, 0), since in order to use (2.7) we tacitly assumed that
for all β ∈ [0, 1) and n ∈ {2, 3, . . .} we have D(0, xν,β) ⊂ D(0, jν,1) ⊂ D(0, jν,n)
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when ν ∈ (−1, 0). For this recall that in case −1 < ν < −α the Dini function
z 7→ zJ ′ν(z) + αJν(z) has all its zeros real and a single pair of conjugate purely
imaginary zeros [Wa, p. 597]. Moreover, due to Ismail and Muldoon [IM1, eq.
(3.2)] we know that if ±iξ (ξ real) denote the purely imaginary zeros of the Dini
function z 7→ zJ ′ν(z) + αJν(z), then
ξ2 < − α+ ν
2 + α+ ν
j2ν,1.
This in turn implies that
x2ν,β < −
ν(1 − β)
2 + ν(1− β) j
2
ν,1 < j
2
ν,1,
as we required. Finally, consider the function qν : (0,∞)→ R, defined by qν(r) =
rI ′ν(r)/Iν (r)−βν. By using the asymptotic relations for small and large values of r
for the function r 7→ Iν(r), it can be verified that rI ′ν (r)/Iν(r) tends to ν as r → 0,
and tends to infinity as r → ∞. Moreover, it is known (see for example [Ba2])
that the function r 7→ rI ′ν (r)/Iν(r) is increasing on (0,∞) for all ν > −1. Thus
the function qν is increasing, qν(r) tends to ν(1 − β) < 0 as r → 0, and tends to
infinity as r → ∞. Consequently, the graph of qν intersects the r-axis only once,
and thus the equation rI ′ν (r) − βνIν(r) = 0 has only one solution. This completes
the proof. 
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